A necessary
and sufficient condition that a contraction of class C,(N) on a Hilbert space be a spectral operator is given. The condition is in terms of certain factors of the characteristic function of the contraction, which generalizes the known characterization that the compression of the shift on the space Hz @ mH2 is a scalar-type spectral operator if and only if m is a Blaschke product with uniformly separated zeros. Similar conditions for C,, contractions, Cri contractions with characteristic functions admitting scalar multiples, and weak contractions to be spectral are also derived. In these cases the conditions are only sufficient.
For certain contractions T on a Hilbert space, very satisfactory spectral decompositions have been developed recently. Among them are contractions of class c,, completely nonunitary (c.n.u.) contractions of class C,, whose characteristic functions admit scalar multiples and c.n.u. weak contractions. Most of the work along this line was achieved by Sz.-Nagy and Foiaa (cf. [14, Chaps. 3, 7, 81) . More recently, it has also been shown that C, operators and weak contractions are decomposable (cf. [4, lo] ). A more restricted class than the decomposable operators is the class of spectral operators (in the sense of Dunford [2] ). In this paper we are concerned with conditions, necessary or sufficient, for such contractions to be spectral. Our conditions are in terms of certain factors of minimal functions (for C, contractions), scalar multiples (for C1, contractions and weak contractions), or characteristic functions (for C,,(N) contractions). The proofs depend heavily on the corona theorem (cf. [l] or [33 for the scalar-valued case; [6] for the matrix-valued case). In most of the cases the conditions are only sufficient. For contractions of class C,,(N) we obtain a characterization. In the case of N = 1 this generalizes the known fact that the compression of the shift on H2 0 mH2 is a scalar-type spectral operator if and only if m is a Blaschke product with uniformly separated zeros. Other generalizations of this fact can be found in [12, 131. In the following only nontrivial, separable, complex Hilbert spaces are considered.
The four sections correspond to the contractions of class C, , class C,, , weak contractions, and class C,(N), respectively. Our basic reference is [14].
CONTRACTIONS OF CLASS C,,
A contraction T on the space H is of class C, if it is c.n.u. and ~J(T) = 0 for some inner function v. Let mr be the minimal function of such a contraction T. Consider the factorization m,(h) = B(h) S,(X), where B(X) is a Blaschke product and S,(h) is the singular function whose associated singular measure is CL. For any Bore1 subset w of the complex plane C, let m,(x) = B,(h) S,(h), where B,(h) is the product of those factors of B(X) whose zeros lie in w and S,(h) is the singular function whose associated measure is p j w. Let H, = {h: h E H, m,(T)h = O}. Recall that an operator T is spectral (in the sense of Dunford) if it has a countably additive resolution of the identity defined on the Bore1 subsets of c (cf. [2] ). For w C @, w' denotes its complement in C.
THEOREM I. 1. Let T be a contraction of class C,, on H with minimal function m, . For every Rove1 subset w of @, let m, be defined as above. Assume that there exists an E > 0 such that Then T is a spectral operator.
The following version of the corona theorem is needed in the proof (cf. [l] or 131).
SCALAR CORONA THEOREM 1.2. Let fi ,...,fn befunctions in H* with /j fk 11 < 1 (h = I,..., n) and I fi(A>l + . ..+lfn(X)l >cforaZZh,Ih/ <l,whereO<~<&. Then there exist functions g, ,..., g, in Hm such that f,(h) g,(h) + . + f,(h)g,(X) = 1 for aEZ X, ) h / < 1, and IJg,j[ < c-4% (h = l,..., n), where 13, is a constant depending only on n.
Proof of Theorem 1.1. The assumption says that I m&9 + I m,G)l 2 E for all /\, /X / < 1 and all w.
We may assume that 0 < E < $. It follows from the scalar corona theorem that there exist functions u, , u,' in H* such that m,(x) u,(h) + m,(h) u,('\) = 1 for all X, / X / < 1 and 11 U, [I, 11 u,, 11 < K, where K is a constant independent of w. Hence we have H, i-H,, = H, the sign $ denoting direct (not necessarily A} is a sequence of orthogonal projections mutually orthogonal to each other. Since HUnw, = Vn H,,,, , the range of AFE(& w,J A is the span of the ranges of A-lE(w,)
A. It follows that A-'E(upz wfl) A = Cpa @ A-lE(w,) A and E(& wn) = xta E(w,). Thus T is a spectral operator, completing the proof. ?;HEOREM 2.1. Let T be a c.n.u. contraction of class C,, , whose characteristic function Or(X) admits the outer scalar multiple S(h). For any Bore1 subset 01 of C, let 6, be de$ned as above. Assume that there exists an E > 0 such that Then T is a spectral operator.
The following lemma is needed. LEMMA 2.2. Let T be an operator on the Hilbert space H, and let HI 2 H be an invariant subspace for T. Assume that there exists a hyperinvariant subspace H,_CHfor TsuchthatHI vH,=HandH,nH,={O}.IfKCHisany invariant subspace for T such that H = HI 4 K, then K = Hz .
Proof. Let P be the projection (not necessarily orthogonal) along HI onto the subspace K. Since both HI and K are invariant for T, we have PT = TP. Hence PH, C Hz. It follows that PH = P(H, v H,) C PH, C H, ; that is, KC H, . Since HI n H, = (0) and H = HI i K, it can be easily seen that K = Hz.
We also need the following theorem due to Teodorescu
[15]. 
Let U4
= m&V kwnc (h). We begin by giving the following technical lemma, the proof of which can be found in [17] . Assume that there exists an E > 0 such that
Then T is a spectral operator. Moreover, T, and T,, are also spectral.
The proof proceeds as that of Theorem 2.1. The assertions concerning Z's and T,, follow from the following observations, for j h I < 1, and Theorems 1.1 and 2.1.
Remark. Theorem 1 .l can also be proved along the same line as that of Theorems 2.1 and 3.2, since the minimal function of a C,, contraction is a scalar muItipIe of its characteristic function. The latter part of the proof is modified from the one given by Furhmann for Theorem 3.5 in [8] .
CONTRACTIONS OF CLASS C,,(N)
By virtue of the next lemma we are able to combine Theorems 4.2 and 4.3. LEMMA 4.7. Let T be a contraction of class C, on H with minimal function mr . Assume that T is a spectral operator with the resolution of the identity E(.). For any Bore1 subset W, let H, be the subspace as defined in Section 1 and H(w) = E(w) H. Then 23, = H(w)for any w.
Proof. Let 9 be the class of those Bore1 subsets w for which H, = H(W) holds. Then Y contains all closed subsets of @ (cf. [4] ). Assume that w E 9'. We want to show that w' E 9. We have H = H(w) i-H(J) = H, r H(w') and H, v H,, = H, H, n H,, = {O}. By virtue of Lemma 2.2, ri,, = H(w'), and hence W' E Y as asserted. It can also be easily seen that 9 is closed under countable union. This shows that Y is a o-algebra. Thus .Y must contain all Bore1 subsets. Now we have the following main theorem. 
